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Diskretna Furijeova
transtormacija slike




Furijeova transformacija 2D signala

F(,U, V) _ Iiji f (t, Z)e—jzﬂ'(,ut-i-l/Z)dtdz <> f (t’ Z) — J-iji.zo F(,U, V)ej272'(ﬂt+l/2)dludv

periodi¢an spektar

diskretna funkcija

e f(Y) e Fu)




Diskretna Furijeova transformacija 2D

sighala
M-1N-1 _ 1 M-1N-1 _
F(U,V)= Z Z f(X, y)e—127z(ux/M+vy/N) o f(X, y):_ Z Z F(U’V)GJZE(UX/M-FW/N)
x=0 y=0 MN u=0 v=0
u=0212...M-1 v=0212..,N-1 x=012..,.M-1 y=012..,N-1
u Vv
U
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Primeri 2D kosinusnih funkcija

M = 200; N = 200; cos(87z—) cos(47z—) cos(167zﬁ+47z%)

[y x] = meshgrid(1:N, 1:M);

1 = cos(8*pi*y/N);

figure; imshow(f1, []);

2 = cos(4*pi*x/M);

figure; imshow(f2, []);

f3 = cos(16*pi*x/M + 4*pi*y/N);
figure; imshow(f3, []);

f4 = cos(8*pi*x/M + 8*pi*y/N);
figure; imshow(f4, []);

f5 = cos(8*pi*x/M) + cos(8*pi*y/N);
figure; imshow(f5, []);

f6 = cos(6*pi*x/M + 20*pi*y/M) +
cos(14*pi*x/M + 4*pi*y/M);

figure; imshow(f6, []); ‘

cos(87z —+8x —) cos(8z —) +cos(87 —) cos(67z X 1207 l) +cos(l4x X ax l)
M M M M
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Diskretna 2D Furijeova transformacija u
Matlabu

fftZ(matr‘ica Slike) Funkcija fft2 vraca diskretnu Furijeovu transformaciju
- slike, diskretizovane u opsegu 0-1/AT. Ova matrica je
j_-F-FtZ(matr\j_ca spektr'a) uokvirena crvenim kvadratom na slici. Vidi se da su

uCestanosti koje odgovaraju nizem delu spektra
rasporedene po ¢oskovima ove matrice. Kako bi se dobio
spektar uokviren plavim kvadratom potrebno je izvrsiti
pomeranje spektra za -1/2AT po obe dimenzije. Ovo se
moze posti¢i mnoZenjem ulazne sekvence sa (-1)**Y pre
transformacije.

fftshift(matrica)

Obavlja potrebno preuredivanje izlaza fft2 funkcije.

ifftshift(matrica)

Vraéa spektar u standarnu formu. Neophodno je pre
inverzne transformacije u slucaju da je koriséen fftshift.
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Primer — vertikalna linija

f = imread('stripe.png');
figure; imshow(f);

F = £Ft2(f);

figure; imshow(abs(F),[]);
F = fftshift(fft2(f));
figure; imshow(abs(F),[]);

figure; mesh(abs(F));
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Primer - pravougaonik

f = imread('rect.png');
figure; imshow(f);

F = fftshift(fft2(f));
Fmag = abs(F);
Fang = angle(F);

figure; imshow(Fmag,[]);
figure; imshow(Fang,[]);

figure; mesh(Fmag);
figure; imshow(log(1l+Fmag),[]);
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Uticaj translacije i rotacije na spektar

f = imread('rect_translated.png');
F = fftshift(fft2(f));

figure; imshow(log(1l+abs(F)),[]);
figure; imshow(angle(F),[]);

f = imread('rect_rotated.png');

F = fftshift(fft2(f));

figure; imshow(log(1l+abs(F)),[]);
figure; imshow(angle(F),[]);
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/nacaj faze u slikama

im2double(imread('lena.tif"));
fftshift(fft2(f));

.F
F

abs(F);
angle(F);

Fmag
Fang

figure; imshow(log(1+Fmag),[]1);
figure; imshow(Fang,[]);

figure;
imshow(real (ifft2(ifftshift(Fmag.*exp(i*Fang)))));

figure; imshow(real(ifft2(ifftshift(Fmag))));

figure; imshow(ifft2(ifftshift(exp(i*Fang))),[]);
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Spektar slike prosirene nulama

fp = zeros(2*size(f));
fp(l:size(f,1), 1l:size(f,2)) = f;
figure; imshow(fp);

Fp = fftshift(fft2(fp));
figure; imshow(log(1l+abs(Fp)), [1);

diff = abs(Fp(1:2:end, 1:2:end) - F);
max (diff(:))
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Spektar slike sa umetnutim nulama

fu = zeros(2*size(f));
fu(l:2:end, 1:2:end) = f;
figure; imshow(fu);

Fu = fft2(fu);
figure; imshow(log(1l+abs(fftshift(Fu))), []1);

diff = abs(fftshift(Fu(l:size(F,1), 1:size(F,2))) - F);
max(diff(:))

ATXU = ZATX ATyU - ZATy

Apy =Au Av, =Av
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Filtriranje slike u
frekvencijskom domenu




Filtriranje u frekvencijskom domenu

KONVOLUCIONA TEOREMA
f(x,y)*h(x,y) < H(u,v)-F(u,v)
f(x,y)-h(x,y) <> H(u,v)*F(u,v)

Kako je DFT diskretne funkcije periodicna funkcija i kako je inverzna IDFT takode periodicna funkcija to
ekvivalentna konvolucija koja odgovara mnozenju u frekvencijskom domenu odgovara cirkularnoj konvoluciji!!!

F(u,v) FILTRIRANJE  G(u,v) YT
f(x,y) — TRANSFORMACUA —c(; \)— F(u,v)-H(u,vJ ™ TrRANsFormacua > 9(Y)
DFT IDFT

Funkcija filtra se obic¢no specificira direktno u frekvencijskom domenu. F i H moraju imati isti broj odbiraka kako bi
se obavilo skalarno mnozenje. Funkcija H se obicno definiSe tako da ne utiCe na faznu karakteristiku.
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/nacaj prosirivanja sekvence

KONVOLUCIJA DIREKTNO U AKO SE KONVOLUCIJA RACUNA AKO SE KONVOLUCIJA RACUNA MNOZENJEM U FREKVENCIISKOM
PROSTORNOM DOMENU MNOZENJEM U FREKVENCIJSKOM (DFT) (DFT) DOMENU UZ ODGOVARAJUCE PROSIRIVANJE
f(m) 4 F(m) DOMENU £ (m)
m ' - m
h(m) 4 h(m) h(m) 4
ﬁ] [ I [l Eq 1 tecaas l;
h(-m) 4 h(~m)* h(=m)}
m 1 1 ) Fn : [ﬁ
h(x—m) 4 h(x—m)* h(x—m)
il ceeeaad H ’ R ' .E] ’ R ' rﬁ
f(m)*h(m) f (m)*h(m __ f(m)=h(m)
m = Il -
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Prosirivanje slike

B o
C
A
P P
Prosirivanje slike neophodno ako se konvolucija slike i

. . . . prostorne maske obavlja mnozenjem u frekvencijskom
e Q . Q domenu.

P>A+C -1 Prosirivanje se obavlja dodavanjem nula.

Q>B+D-1
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Filtriranje bez prosirivanja

f = double(imread('square.tif'));

[M, N] = size(f);

F = fft2(f); -

H = 1lpfilter('gaussian', M, N, 10);

g = ifft2(G); --
figure; imshow(uint8(f)); -

figure; imshow(uint8(g));
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Filtriranje sa prosirivanjem nulama

double(imread('square.tif'));

-+
1l

[M, N] = size(f);

P =
F = £fft2(f, P, Q);

H = 1pfilter('gaussian', P, Q, 20);
G = H.*F;

g = ifft2(G);

g = g(1:M-1, 1:N-1);

figure; imshow(uint8(f));
figure; imshow(uint8(g));

UNIVERZITET U BEOGRADU, ELEKTROTEHNICKI FAKULTET
2016-2017




Osnovni koraci pri filtriranju

1) KONVERTOVATI SLIKU U FLOAT ILI DOUBLE
2) PROSIRITI SLIKU NULAMA

3) I1ZRACUNATI FFT PROSIRENE SLIKE

4) SPECIFICIRATI FILTARSKU FUNKCIJU U FREKVENCIJSKOM DOMENU

5) SKALARNO POMNOZITI FFT PROSIRENE SLIKE SA FILTARSKOM FUNKCIJOM
6) IZRACUNATI IFFT REZULTATA

7) ISECI ODGOVARAJUCI DEO IZLAZNE SLIKE

8) PO POTREBI KONVERTOVATI REZULTAT U I1ZVORNI FORMAT
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Vizualizacija prostornih filtara u
frekvencijskom domenu

h_avg = fspecial('average', 10); USREDNJAVANJE GAUSOV FILTAR

h _gauss = fspecial('gaussian', 20, 2);

hlap=[111;1-81; 11 1]; o]

h_sharp = [-1 -1 -1; N
-1 17 -1;

1 -1 -1]./9;

H avg = freqz2(h_avg, 64, 64);
H gauss = freqz2(h_gauss, 64, 64);
H lap = freqz2(h_lap, 64, 64);
H sharp = freqz2(h_sharp, 64, 64);

LAPLASUAN

figure; mesh(abs(H avg));
figure; mesh(abs(H _gauss));
figure; mesh(abs(H lap));
figure; mesh(abs(H sharp));
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Specifikacija filtra u frekvencijskom domenu

D(u,v) = \/(u —P/ 2)2 +(v-Q/ 2)2
SPECIFIKACIJA FILTRA U FREKVENCIJSKOM DOMENU

0 Q-1

]

PO

]




Niskofrekventno filtriranje

IDEALNI NF FILTAR BATERVORTOV NF FILTAR
1
1,D(u,v)<D -
H(U,v) = ; D( ) < Dy H (u,v) —
,D(u,v) > Dy 14 D(u,v)
Do

GAUSOV NF FILTAR
B Dz(u,v)
2
H(u,v)=e 2Dy
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l|dealni niskofrekventni filtar

H = lpfilter('ideal', 100, 100, 5);
figure; surf(fftshift(H));

h = ifftshift(ifft2(H));

figure; surf(h);

figure; plot(h(51,:));

H = lpfilter('ideal', 100, 100, 10);
figure; surf(fftshift(H));

h = ifftshift(ifft2(H));

figure; surf(h);

figure; plot(h(51,:));

H = lpfilter('ideal', 100, 100, 20);
figure; surf(fftshift(H));

h = ifftshift(ifft2(H));

figure; surf(h);

figure; plot(h(51,:));
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PRESEK



Batervortov niskofrekventni filtar

H = 1pfilter('btw', 100, 100, 10); FREKVENCIJSKIDOMEN  PROSTORNI DOMEN PRESEK
figure; surf(fftshift(H)); " - T
h = ifftshift(ifft2(H)); " { = o

figure; surf(h);
figure; plot(h(51,:));

n=1

H = lpfilter('btw', 100, 100, 10, 2);
figure; surf(fftshift(H));

h = ifftshift(ifft2(H));

figure; surf(h);

figure; plot(h(51,:));

n=2

H = lpfilter('btw', 100, 100, 10, 10);
figure; surf(fftshift(H));

h = ifftshift(ifft2(H));

figure; surf(h);

figure; plot(h(51,:));
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Gausov niskofrekventni filtar

H = lpfilter('gaussian', 100, 100, 5); FREKVENCUUSKI DOMEN  PROSTORNI DOMEN PRESEK

figure; surf(fftshift(H)); | L
h = ifftshift(ifft2(H));
figure; surf(h);

figure; plot(h(51,:));

H = lpfilter('gaussian', 100, 100, 10);
figure; surf(fftshift(H));

h = ifftshift(ifft2(H));

figure; surf(h);

figure; plot(h(51,:));

.............

D°=10:;

H = lpfilter('gaussian', 100, 100, 20);
figure; surf(fftshift(H));

h = ifftshift(ifft2(H));

figure; surf(h);

figure; plot(h(51,:));
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Niskofrekventn

filtar - primer

f = im2double(imread('lena.tif"));
[M, N] = size(f);
P = 2*¥M-1; Q = 2*N-1;

Fp = fftshift(fft2(f, P, Q));

H = lpfilter('gaussian', P, Q, 48);
H = fftshift(H);
figure; imshow(log(1l+abs(H)), [1);

Gp = Fp.*H;
figure; imshow(log(l+abs(Gp)), []1);

gp = ifft2(ifftshift(Gp));

g = gp(1:M, 1:N);
figure; imshow(g);
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Visokofrekventno filtriranje

Hyp (U,v) =1-Hyge (u,v)

IDEALNI NF FILTAR BATERVORTOV NF FILTAR
1
0,D(u,v)<D —
HUv) = (u,v) < Dg H (u, V) —
1,D(u,v) > D, 14 Do
D(u,v)

GAUSOV NF FILTAR
_Dz(u,v)
2
H(u,v)=1-e 2D
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ldealni visokofrekventni filtar

FREKVENCUSKI DOMEN  PROSTORNI DOMEN PRESEK

H = hpfilter('ideal', 100, 100, 5);

figure; surf(fftshift(H));

h = ifftshift(ifft2(H));

figure; surf(h);

figure; plot(h(51,:)); ylim([-8e-3, 2e-3]);

H = hpfilter('ideal', 100, 100, 10);

figure; surf(fftshift(H));

h = ifftshift(ifft2(H));

figure; surf(h);

figure; plot(h(51,:)); ylim([-31le-3, 5e-3]);

H = hpfilter('ideal', 100, 100, 20);

figure; surf(fftshift(H));

h = ifftshift(ifft2(H));

figure; surf(h);

figure; plot(h(51,:)); ylim([-1le-2, 2e-2]);
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Batervortov visokofrekventni filtar

H = hpfilter('btw', 100, 100, 10); FREKVENCIJSKI DOMEN  PROSTORNI DOMEN PRESEK
figure; surf(fftshift(H));

h = ifftshift(ifft2(H));

figure; surf(h);

figure; plot(h(51,:)); ylim([-5e-2, 5e-3])

n=1

H = hpfilter('btw', 100, 100, 10, 2);
figure; surf(fftshift(H));

h = ifftshift(ifft2(H));

figure; surf(h);

figure; plot(h(51,:)); ylim([-5e-2, 5e-3])

n=2

5§s8s85558.8

H = hpfilter('btw', 100, 100, 10, 10);
figure; surf(fftshift(H));

h = ifftshift(ifft2(H));

figure; surf(h);

figure; plot(h(51,:)); ylim([-5e-2, 5e-3])
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Gausov visokofrekventni filtar

H = hpfilter('gaussian', 100, 100, 5); FREKVENCUUSKI DOMEN  PROSTORNI DOMEN PRESEK

figure; surf(fftshift(H));

h = ifftshift(ifft2(H));

figure; surf(h);

figure; plot(h(51,:)); ylim([-15e-3, 5e-3])

H = hpfilter('gaussian', 100, 100, 10);
figure; surf(fftshift(H));

h = ifftshift(ifft2(H));

figure; surf(h);

figure; plot(h(51,:)); ylim([-5e-2, 5e-3])

H = hpfilter('gaussian', 100, 100, 20);
figure; surf(fftshift(H));

h = ifftshift(ifft2(H));

figure; surf(h);

figure; plot(h(51,:)); ylim([-12e-2, 5e-3])
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Visokofrekventni filtar - primer

f = im2double(imread('lena.tif"));
[M, N] = size(f);
P = 2*¥M-1; Q = 2*N-1;

Fp = fftshift(fft2(f, P, Q));

H = hpfilter('ideal', P, Q, 100);
H = fftshift(H);
figure; imshow(log(1l+abs(H)), [1);

Gp = Fp.*H;
figure; imshow(log(l+abs(Gp)), [1);

gp = ifft2(ifftshift(Gp));

g = gp(1:M, 1:N);
figure; imshow(g, [1);

ISPROBATI RAZLICITE PARAMETRE | TIPOVE FILTARA!
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|zoStravanje isticanjem visokih
ucestanosti

f = im2double(imread('lena.tif"));
[M, N] = size(f);
P = 2*M-1; Q = 2*N-1;

Fp = fftshift(fft2(f, P, Q));

H =1+ 2*¥hpfilter('gaussian', P, Q, 100);
H = fftshift(H);
figure; imshow(log(l+abs(H)), []);

Gp = Fp.*H;
figure; imshow(log(l+abs(Gp)), [1);

gp = ifft2(ifftshift(Gp));

g = gp(1:M, 1:N);
figure; imshow(g);
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Selektivno filtriranje

PROPUSNIK OPSEGA NEPROPUSNIK OPSEGA
Hpo (U,V) = Hypp (U V) = Hypo (U, V) Hnpo (U,V) =1-Hpg (U,V)
NOC FILTAR
Q
Hngr (U,v) = | [ Hyri (U,v) - Hygi (U, v)
i1
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Filtriranje periodicnog Suma

f = im2double(imread('appolol7.tif'));
[M, N] = size(f);
figure; imshow(f);

F = FREshift(FFE2(f));
figure; imshow(log(1+abs(F)), [1);

Hlpl = lpfilter('ideal', M, N, 101);
Hlp2 = lpfilter('ideal’', M, N, 99);

H = fftshift(1 - Hlpl + Hlp2);

figure; imshow(log(l+abs(H)), []);

G = F.*H;

figure; imshow(log(l+abs(G)), []);

g = ifft2(ifftshift(G));

figure; imshow(g);

gl = imadjust(g, stretchlim(g), [0, 1]);
figure; imshow(gl);
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Selektivno filtriranje

Nije deo
MTALAB IP
toolbox-a ‘reject’, ‘pass’ Selektivnost filtara

) !

H = cnotch(type, notch, M, N, C, r, n)

1 1 Red Batervortovog filtra

Tip filtra koji
se koristi:

‘ideal’, ‘btw’,
‘gaussian’

Koordinate centara svakog
filtra, uzete sa centriranog
spektra.

Prilikom selektivnog filtriranja uglavnom se ne radi prosirivanje slike!!!
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Selektivno filtriranje

f = imread('tiger_ht.jpg');

f = double(rgb2gray(f));

figure; imshow(uint8(f));

[M, N] = size(f);

F = £ft2(f);

figure; imshow(log(1l + abs(fftshift(F))),[1);

C = [113 21; 69 67; 25 112; 80 148];
H = cnotch('gaussian', 'reject', M, N, C, 20);
figure; imshow(log(1l + abs(fftshift(H))),[]);

G = H.*F;

figure; imshow(log(1l + abs(fftshift(G))),[]);
g = ifft2(G);

figure; imshow(uint8(g));
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Selektivno filtriranje

Nije deo
MTALAB IP _ SV i —SV pocetak vertikalnog
toolbox-a ‘reject’, ‘pass’ filtra

} }

H = recnotch(notch, mode, M, N, W, SV, SH)

P ’ Sirina filtra. Mora biti \
’ver::i?:lc’m‘tbaci';h' neparan broj SHi-SH pocetak
’ | horizontalnog filtra
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Selektivno filtriranje

f = double(imread('cassini.tif'));
figure; imshow(uint8(f));

[M, N] = size(f);

F = £fft2(f, M, N);

figure; imshow(log(1l + abs(fftshift(F))),[1);

H = recnotch('reject', 'vertical', M, N, 3, 15, 15);
figure; imshow(log(1l + abs(fftshift(H))),[1);

G = H.*F;

figure; imshow(log(1l + abs(fftshift(G))),[]);

g = ifft2(G);
figure; imshow(uint8(g));

Nije uradeno prosirenje slike, koristi se
implicitna periodi¢nost
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Restauracija slike
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Model degradacije slike

flx,y)—=>

H

Degradation
function

g(x,y)

Noise

n(x, y)

DEGRADATION

Restoration

filter(s) f(x.)

RESTORATION |

g(x, y) =h(x, y)* £ (% y)+7(xy)
G(u,v)=H(u,v)F(u,v)+N(u,v)
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gaussian

imnoise  salt & pepper

DOdava nJe éuma localvar

f = im2double(imread('lena.tif'));
figure; imshow(f);

gausov Sum

gn = imnoise(f, 'gaussian', 0, 0.001);
figure; imshow(gn);

gn = imnoise(f, 'gaussian', 0, 0.01);
figure; imshow(gn);

gn = imnoise(f, 'salt & pepper', 0.2);
figure; imshow(gn);

gn = imnoise(f, 'localvar', f/20);
figure; imshow(gn);

gn = imnoise(f, 'localvar', [©:255]/255,
(1/20)*[0:255]/255);
figure; imshow(gn);

“impulsni Sum varijansa zavisha od intenziteta
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Dodavanje degradacije

f = im2double(imread('road.tif'));
figure; imshow(f);
[M, N] = size(f);

F = fftshift(FFt2(F));

H blur = fftshift(lpfilter('gaussian', M, N, 40));

h_motion = fspecial('motion', 20, 135);
H motion = fftshift(fft2(h_motion, M, N));
G_blur = H_blur.*F;

g blur = ifft2(ifftshift(G_blur));
G_motion = H_motion.*F;
g motion = ifft2(ifftshift(G_motion));

figure; imshow(g_blur);
figure; imshow(g_motion);
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Estimacija parametara suma

f = im2double(imread('lena.tif"));
gn = imnoise(f, 'gaussian', 0, 0.01); Ideja: Odabrati sto uniformniji deo slike i odrediti varijansu. Na

figure; imshow(gn); osnovu oblika histograma se moze odrediti raspodela Suma.

R = roipoly(gn);
var(gn(R))
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Adaptivno lokalho usrednjavanje

f = im2double(imread('lena.tif'));
figure; imshow(f);

nvar = 0.01;
g = imnoise(f, 'gaussian', O, nvar);
figure; imshow(g);

havg = fspecial('average', [7,7]);

gavg = imfilter(g, havg, 'replicate');
gsqr_avg = imfilter(g.”2, havg, 'replicate');
gvar = gsqr_avg - gavg.”2;

W = nvar./gvar;
w(w>1)=1;
f est = g + w.*(gavg - g);

figure; imshow(gavg); figure; imshow(w);
figure; imshow(f _est);
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Adaptivni medijan — sa fiksnim prozorom

f = im2double(imread('lena.tif"));
g = imnoise(f, 'salt & pepper', 0.4);
figure; imshow(g);

gmed = medfilt2(g, [7,7], 'symmetric');
figure; imshow(gmed);

gmax = ordfilt2(g, 49, ones(7,7));
gmin = ordfilt2(g, 1, ones(7,7));
fest = g;

nind = (g == gmin) | (g == gmax);

fest(nind) = gmed(nind);
figure; imshow(fest);

Ideja: Zameniti medijanom samo one piksele koji predstavljaju ekstremne vrednosti u okviru lokalnog susedstva. Ostale piksele ostaviti
nepromenjenim. Na taj nacin se sprecava degradacija piksela koji nisu pogodeni Sumom. Unapredenje je adaptivna promena veli¢ine
lokalnog susedstva tako da se uvek koristi najmanji moguci prozor oko centralnog piksela.
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Inverzno filtriranje uz ogranicenje opsega

g = im2double(imread('road_blur.tif'));
figure; imshow(g);
[M, N] = size(g);

= fftshift(fft2(g));
load H_blur

Fest = G./H_blur;
figure; imshow(log(l+abs(Fest)), []);

Hlp = fftshift(lpfilter('ideal', M, N, 130));
figure; imshow(log(1l+abs(Hlp)), []);

Fest = (G./H_blur).*Hlp;
figure; imshow(log(l+abs(Fest)), []);

fest = ifft2(ifftshift(Fest));
figure; imshow(fest);
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Vinerov filtar

g = im2double(imread('road_blur.tif'));
figure; imshow(g);
[M, N] = size(g);

G = fftshift(fft2(g));
load H_blur

W = (abs(H_blur).”2)./(abs(H_blur).”2 + le-4);
Fest = (G./H_blur).*W;
figure; imshow(log(l+abs(Fest)), []);

fest = ifft2(ifftshift(Fest));
figure; imshow(fest);
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Uklanjanje degradacije usled
nokreta

g = im2double(imread('road_motion.tif"'));
figure; imshow(g);
[M, N] = size(g);

G = fftshift(fft2(g));
load H_motion

W = (abs(H_motion).”2)./(abs(H_motion).”2 + 1le-4);
Fest = (G./H_motion).*W;
figure; imshow(log(l+abs(Fest)), []);

fest = ifft2(ifftshift(Fest));
figure; imshow(fest);
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